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TABLES DE CONTINGENCE À TROIS DIMENSIONS :

ASPECTS THÉORIQUES, APPLICATIONS ET ANALOGIE

AVEC L’ANALYSE DE LA VARIANCE À TROIS

CRITÈRES DE CLASSIFICATION
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2. ASPECTS THÉORIQUES

2.1. Modèle log-linéaire pour deux critères indépendants
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log(nPij) = log(nPi.) + log(nP.j)− log n.
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2.2. Modèle log-linéaire pour deux critères non indépendants et tests d’ajuste-
ment
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[AB]ij = log(nPij)− [1],
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∑

i=1

q
∑

j=1

[AB]ij = 0.

C 31).# !$%&(-" '#1(! &133 !,-" <

log(nPij) = [1] + [A]i + [B]j + [AB]ij .
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log(nPij) = [1] + [A]i,

log(nPij) = [1] + [B]j ,
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2.3. Modèles log-linéaire pour trois critères
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1 %$ ()$#0!05 G2
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log(nPijk) = [1] + [A]i + [B]j + [C]k
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Type 1

log(nPijk) = [1] + [A]i + [B]j + [C]k + [BC]jk

H1

0
: A∐ (B,C)

nP̂ijk = (ni..n.jk)/n

dl = (p− 1)(qr − 1)

Type 2

log(nPijk) = [1] + [A]i + [B]j + [C]k + [AC]ik

H2

0
: B ∐ (A,C)

nP̂ijk = (n.j.ni.k)/n

dl = (q − 1)(pr − 1)

Type 3

log(nPijk) = [1] + [A]i + [B]j + [C]k + [AB]ij

H3

0
: C ∐ (A,B)

nP̂ijk = (n..knij.)/n

dl = (r − 1)(pq − 1)
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'!&+)(+!$ -#' -#*; )*(0#'8 &# 2*+ &!00#'4!$- < %.)$)%3'# -.*$# ()7%# < -#*; -+:

"#$'+!$'=

>)0 )+%%#*0'8 %#' -#60/' -# %+7#0(/ '!$( &1)2*# 9!+' +$9/0+#*0' < &#*; 0#%)(+9'

< %.+$-/4#$-)$&# &!"4%5(# #$(0# %#' (0!+' &0+(50#'= ?#' -+@/0#$&#' '!$( /6)%#' < A

(q − 1)(r − 1) 4!*0 %# (34# B,
(p− 1)(r − 1) 4!*0 %# (34# C,
(p− 1)(q − 1) 4!*0 %# (34# D.

 #%) 0/'*%(# -#' 40!40+/(/' 2*+ %+#$( %#' -+@/0#$(' (34#' -.+$-/4#$-)$&#

'(!&1)'(+2*#8 < '),!+0 A

'+ A∐B ∐ C, )%!0' A
A∐ (B,C) #( B ∐ C,

!* B ∐ (A,C) #( A∐ C,
!* C ∐ (A,B) #( A∐B.

E



 

 

!" #"$"% &" '()*+,%)-." /0''" #"'1%23" 4 0/" 2/&5+"/&1/6" +1#%2"''" +"0%

6)170" 8,2. ,03#2# &"09 /,03"''". +2.%". +,0# 5%0&2"# '". 2/&5+"/&1/6". 6,/&2:

%2,//"''".; <''". .,/% #5.0=5". 6,==" .02%;

Type 1a

log(nPijk) = [1] + [A]i + [B]j + [C]k + [AC]ik + [BC]jk

H1a
0

: (A∐B)|C

nP̂ijk = (ni.kn.jk)/n..k

dl = (p− 1)(q − 1)r

Type 1b

log(nPijk) = [1] + [A]i + [B]j + [C]k + [AB]ij + [BC]jk

H1b
0

: (A∐ C)|B

nP̂ijk = (nij.n.jk)/n.j.

dl = (p− 1)(r − 1)q

Type 2a = type 1a

Type 2b

log(nPijk) = [1] + [A]i + [B]j + [C]k + [AB]ij + [AC]ik

H2b
0

: (B ∐ C)|A

nP̂ijk = (nij.ni.k)/ni..

dl = (q − 1)(r − 1)p

Type 3a = type 1b

Type 3b = type 2b

>1# 6,/.570"/%? &1/. '" 61. &". 2/&5+"/&1/6". 6,/&2%2,//"''".? '1 %1@'" 4

%#,2. &2="/.2,/. ".% 5%0&25" +1# 1/1'*." &" %1@'". 4 &"09 &2="/.2,/.? 5%1@'2".

+,0# 6)170" /23"10 &0 %#,2.2-=" 6#2%-#" 6),2.2? 6(".%:4:&2#" &" 81A,/ )25#1#6)2.5"

+1# #1++,#% 4 6" 6#2%-#";

B



 !"#$%&#' (%) *%+,-) *% (./%,0- &))"1.-) )"!0 .!2-,.%#,) &#3 *%+,-) *% (./%,0-

#0.(.)-) 4"#, (5-0#*% *%) .!*-4%!*&!1%) 4&,0.%((%) 6 (%) *.7-,%!1%) 1",,%)4"!*%!0

8 (5#!% *%) 9#&!0.0-) )#.$&!0%) :

(p− 1)(r − 1) 4"#, (%) 0;4%) <& %0 =/,
(p− 1)(q − 1) 4"#, (%) 0;4%) </ %0 >/,
(q − 1)(r − 1) 4"#, (%) 0;4%) >& %0 =&.

%! $%,0# *%) 4,"4,.-0-) )#.$&!0%) :

). A∐ (B,C), &(",) :
(A∐B) | C %0 A∐ C,

"# (A∐ C) | B %0 A∐B,

). B ∐ (A,C), &(",) :
(B ∐A) | C %0 B ∐ C,

"# (B ∐ C) | A %0 B ∐A,

). C ∐ (A,B), &(",) :
(C ∐A) | B %0 C ∐B,

"# (C ∐B) | A %0 C ∐A,

=

 

?. 0"#) (%) 0;4%) *5.!*-4%!*&!1%) )"!0 ,%@%0-)' (& !"0."! *5.!0%,&10."!

%!0,% (%) 0,".) 1,.0A,%) %)0 &(",) .!0,"*#.0% *&!) (% B"*A(% :

log(nPijk) = [1] + [A]i + [B]j + [C]k + [AB]ij + [AC]ik + [BC]jk + [ABC]ijk.

C5%)0.B&0."! *%) nPijk )% ,-&(.)% %! &44(.9#&!0 (5&(+",.0DB% .0-,&0.2 )#.$&!0'

&$%1 &,,E0 *A) 9#% (& 1"!$%,+%!1% )"#D&.0-% %)0 &00%.!0%' 15%)0F8F*.,% 9#% (%)

*.7-,%!1%) %!0,% (%) 2,-9#%!1%) &00%!*#%) 1&(1#(-%) 4"#, *%#3 -0&4%) )#11%)).$%)

)"!0 1"!).*-,-%) 1"BB% !#((%) "# !-+(.+%&/(%)G

 !"#"$#"%! &' ()$(*%+"#,-'

H&(1#(%, nij., ni.k, n.jk' I3%, 0"#0%) (%) 2,-9#%!1%) &00%!*#%) 8 (5#!.0-' 8

)&$"., (nP̂ijk)s = 1' %0 1&(1#(%, (%) 0"0&#3 B&,+.!&#3 (nP̂ij.)s 6 I3%, (5.!*.1%
s = 0G

 #.+$#"%!/

0#$1' 2 : 1&(1#(%, (%) 2,-9#%!1%) &00%!*#%) 1"BB% )#.0 :

(nP̂ijk)1 = (nP̂ijk)s
nij.

(nP̂ij.)s

%0 1&(1#(%, (%) 0"0&#3 B&,+.!&#3 (nP̂i.k)1 6

<J



 !"#$ %  !"#!$#%& #%' (&)*$%+!%' ",,%+-$%' !.//% '$0,  

(nP̂ijk)2 = (nP̂ijk)1
ni.k

(nP̂i.k)1

%, #%' ,.,"$1 /"&20+"$1 (nP̂.jk)2 3

 !"#$ &  !"#!$#%& #%' (&)*$%+!%' ",,%+-$%' !.//% '$0,  

(nP̂ijk)3 = (nP̂ijk)2
n.jk

(nP̂.jk)2

%, #%' ,.,"$1 /"&20+"$1 (nP̂ij.)3 3

 !"#$ '  4.'%& s = s + 1, (nP̂ij.)s = (nP̂ij.)3, (nP̂ijk)s = (nP̂ijk)35 %, &%,.$& 6

#7),"4% 89

:

 

;.$& ,%',%& #7"<'%+!% -70+,%&"!,0.+5 #" *$"+,0,) G2

obs %', !"#!$#)% %+ $,0=

#0'"+, #%' (&)*$%+!%' ",,%+-$%' -),%&/0+)%' 4"& !%,,% 4&.!)-$&% 0,)&",0>%9

?$"+, "$1 -%2&)' -% #0<%&,) -% #" >"&0"<#% χ2
5 0#' >"#%+, (p−1)(q−1)(r−1)9

@

 

;.$& A,&% !./4#%,5 '02+"#.+' %+!.&% *$76 4"&,0& -7$+% ,"<#% -% !.+,0+=

2%+!% 6 ,&.0' -0/%+'0.+'5 -7"$,&%' BC4.,BD'%' 4#$' '0/4#%' 4%$>%+, "$''0 A,&%

,%',)%'9 E0+'05 $+% ,"<#% -% !.+,0+2%+!% 6 ,&.0' -0/%+'0.+' 4%$, A,&% !.+'0-)&)%

!.//% $+% ,"<#% 6 $+% -0/%+'0.+ 4.$& #"*$%##% .+ >%$, ,%',%& #7)2"#0,) -%' pqr
4&.4.&,0.+' F"G$',%/%+, 6 $+% -0',&0<$,0.+ $+0(.&/%H  

log(nPijk) = [1]

H0 : P111 = ... = Pijk = ... = Ppqr

nPijk = n/pqr

dl = (pqr − 1).

I+ 4%$, "$''0 '70+,)&%''%& 6 !B"*$% !&0,D&% ')4"&)/%+, 3 6 +.$>%"$ 0# '7"20,

-% ,%',' -7)2"#0,) -% 4&.4.&,0.+' *$05 %+ 4&0+!04%5 '.+, &)"#0')' '0 #%' BC4.,BD'%'

-70+-)4%+-"+!% %, -% #70+,%&"!,0.+ -%' !&0,D&%' +7.+, 4"' ),) &%G%,)%'  

= 4.$& #% !&0,D&% A $+0*$%/%+,  

log(nPijk) = [1] + [A]i

H0 : P1.. = ... = Pi.. = ... = Pp..

nPi.. = n/p

dl = (p− 1);

88



 !"#$ %& '$()*$& B #+(,#&-&+) .

log(nPijk) = [1] + [B]j

H0 : P.1. = ... = P.j. = ... = P.q.

nP.j. = n/q

dl = (q − 1);

 !"#$ %& '$()*$& C #+(,#&-&+) .

log(nPijk) = [1] + [C]k

H0 : P..1 = ... = P..k = ... = P..r

nP..k = n/r

dl = (r − 1).

3. APPLICATION

3.1. Données

/&0 1"++2&0 1& %3&4&-!%& 0"+) &4)$5()&0 13#+& $&'6&$'6& -&+2& !5$  !""#$

7899:;< =&%%& '( 03(+0'$(>5() 15+0 %& '51$& 13#+ )$5>5(% 0#$ %5 -"12%(05)("+ 1#

12>&%"!!&-&+) >2?2)5)(@ &) ?2+2$5)(@ 1# !"--(&$A B+5+'2 !5$ %3C+0)()#) !"#$

%3D+'"#$5?&-&+) 1& %5 E&'6&$'6& F'(&+)(B,#& 15+0 %3C+1#0)$(& &) %3G?$('#%)#$&<

D%%&0 B?#$&+) 2?5%&-&+) 15+0 %3"#>$5?& 1& %&'(#"!# 7HI88;<

J%#0 !$2'(02-&+)A 1&0 +"-K$&0 1& $5-&5#4 "+) 2)2 "K0&$>20 0#$ 1&#4 >5 

$(2)20 1& !"--(&$0 LM8 . N"+5?"%1 O MH . ="4PA 0()#20 Q 1(R2$&+)0 +(>&5#4 1&

'$"(005+'& LE8 . !$&-(&$ "$1$& O EH . 1&#4(*-& "$1$& O E: . )$"(0(*-& "$1$&P &)

,#( 0& 1(0)(+?#&+) !5$ %5 !$20&+'& LS8P "# %35K0&+'& LSHP 1& T&#$0< /&0 5$K$&0

2)5+) ?$&R20A %&0 $5-&5#4 1& !$&-(&$ "$1$& 0"+) %&0 $5-&5#4 1($&')&-&+) (+02$20

0#$ %& !"$)& ?$&R&A '& ,#( '"$$&0!"+1 B+5%&-&+) 5# )$"+' 1& %35$K$&A %&0 $5-&5#4

1& 1&#4(*-& "$1$& 0"+) '&#4 ,#( "+) !$(0 +5(005+'& 0#$ %&0 $5-&5#4 1& !$&-(&$

"$1$&A '& ,#( '"$$&0!"+1 5#4 K$5+'6&0 '65$!&+)(*$&0A &) %&0 $5-&5#4 1& )$"(0(*-&

"$1$& 0"+) '&#4 ,#( "+) !$(0 +5(005+'& 0#$ %&0 $5-&5#4 1& 1&#4(*-& "$1$&< F(?+5 

%"+0 &+'"$& ,#& 135#)$&0 (+@"$-5)("+0 0#$ %3"KU&) 1& %5 $&'6&$'6& 0"+) &4!"02&0

5# @#$ &) Q -&0#$& 1& %35+5%V0& 0)5)(0)(,#& 1&0 1"++2&0 O &%%&0 0&$"+) #)(%&0 Q %5

'"-!$26&+0("+ 1# '6&-(+&-&+) 1& '&))& 1&$+(*$&<

/& )5K%&5# 8 $500&-K%&A 13#+& !5$)A %5 1&0'$(!)("+ 1&0 '"-K(+5(0"+0 1&0

'$()*$&0 2)#1(20 L'&%%#%&0 (A UA WPA 5(+0( ,#& %&0 @$2,#&+'&0 "K0&$>2&0 &)A 135#)$&

!5$)A %&0 @$2,#&+'&0 5))&+1#&0 !"#$ %32)#1& 1& %3(+)&$5')("+ L!5$5?$5!6& :<HA X

 

P<

8H



 !"#$!% & '  !"# $%"& '(#)*+*, -.%++#% V / )0$)1% i23 0!45#%, $% #(4%("& ,)+"*,
6 +#!), 0)'%("& $% 1#!),,(01% -.%++#% R / )0$)1% j23 7%"#), %+ 0!0 7%"#), -.%++#% F /
)0$)1% k2 %+ 8#*9"%01%, (++%0$"%, :!"# .;*+"$% $% .;)0+%#(1+)!0<

=%..".%, (i, j, k) >#*9"%01%, !5,%#'*%, >#*9"%01%, (++%0$"%,

? ? ? @ ?A3BA

? ? C ?D @3EF

? C ? ?BC ?BF3G@

? C C ?@H ?@B3D?

? A ? @D FA3AE

? A C FE @E3H?

C ? ? ?H ?B3EF

C ? C A @3BA

C C ? G@ GC3DC

C C C @@ EA3GE

C A ? CC AC3H?

C A C GA DC3AE

I!+("& F?A F?A

3.2. Analyse statistique

?

 

J) !0 (::.)9"()+ .;(0(.K,% $% .( '(#)(01% 6 +#!), 1#)+L#%, $% 1.(,,)M1(N

+)!03 4!$L.% 1#!),* M&%3 *1O(0+)..!0 "0)+()#%3 !0 !5+)%0$#()+ .( $*1!4:!,)+)!0

$%, $%P#*, $% .)5%#+* %0 8!01+)!0 $%, ,!"#1%, $% '(#)(+)!0 $!00*%, $(0, .% +(N

5.%(" C< =;%,+ 6 :(#+)# $% 1% +(5.%(" 9"% .;(0(.!P)% %0+#% .( $*1!4:!,)+)!0 $%,

)0$*:%0$(01%, ,+!1O(,+)9"%, %+ .;(0(.K,% $% .( '(#)(01% %,+ *+(5.)%<

C

 

 !"# $*5"+%# .;(0(.K,% $% .( +(5.% $% 1!0+)0P%01% 6 +#!), $)4%0,)!0,3

1(.1".!0, .%, '(.%"#, G2
-+(5.%(" A2 :!"# .;%0,%45.% $%, $!"Q% 1!45)0(),!0, $%,

1#)+L#%, :#), $),+)01+%4%0+ -I!+("&23 :!"# 1O(9"% 1#)+L#% :#), ,*:(#*4%0+ -V, F
%+ R2 %+ %0 #(,,%45.(0+ %0 "0% ,%".% ,!"#1% $% '(#)(+)!0 -R"+#%,2 +!"+ 1% 9")
1!01%#0% .%, 0!+)!0, $% $*:%0$(01% %+ $;)0+%#(1+)!0< S( '(.%"# G2

obs #%:#),% ("

+(5.%(" A ,"# .( .)P0% T I!+("& U:%#4%+ $% +%,+%# .;*P(.)+* $%, $!"Q% :#!:!#+)!0,

Pijk< S%, '(.%"#, $% G2

obs 1!##%,:!0$(0+ 6 V, F %+ R :%#4%++%0+ $% +%,+%# $%,

:#!:!#+)!0, :!"# 1O(9"% 1#)+L#% -:(#(P#(:O% C<A3 G

!

2< V0M03 .( '(.%"# G2

obs :!"#

.( ,!"#1% $% '(#)(+)!0 T R"+#%, U:%#4%+ $% +%,+%# .;)0$*:%0$(01% $%, +#!), 1#)+L#%,

-:(#(P#(:O% C<A3 ?

!

2<

R" 0)'%(" )08*#%0+)%.3 .;OK:!+OL,% 0"..% -,!"#1% $% '(#)(+)!0 T R"+#%, U2 %,+

?A



 !"#$!% & '  !"#$!% &'!(!#)*$ &$ #! +!,-!(.$/

01%,.$* &$ +!,-!2-1( 3$4,5* &$ #-"$,25

6!,-525* 7V 8 9

:#1,!-*1( 1% ;!* 7F 8 9

 );$* &$ ,!<$!%= 7R8 >

V × F 9

V ×R >

F ×R >

V × F ×R >

 12!# 99

 !"#$!% ( '  !"#$ &$ .1(2-(4$(.$ ? 9

 !

;!,2-$/

01%,.$* &$ 3$4,5* &$ G2

obs χ2

1−α

+!,-!2-1( #-"$,25 α = 0, 05

V 9 @@ABC DAEF

F 9 >FAGB DAEF

R > D@GA>C BAGG

H%2,$* @ DFA>9 9FAI@

 12!%= 99 B9BAGE 9GACE

,$J$25$/ K!, !-##$%,*A #'$=!<$( &$* *1%,.$* &$ +!,-!2-1( $2 &$* &$4,5* &$ #-"$,25

L4%,!(2 &!(* #$* 2!"#$!%= > $2 D M!-2 "-$( !;;!,!N2,$ #$* .1,,$*;1(&!(.$* ;1%,

V, F $2 R/

D

"

K1%, #! &5.1<;1*-2-1( &$ #! *1%,.$ &$ +!,-!2-1( O H%2,$* P 7@ &$4,5* &$

#-"$,258A (1%* &$+1(* .Q1-*-, %( &$* 2,1-* .Q$<-(* ;1%, 2$*2$, %($ -(&5;$(&!(.$

;!,2-$##$ R .$ .Q1-= $*2 M1(.2-1( &$* ,5;1(*$* S !;;1,2$, S #'52%&$/

K1%, #! ,$.Q$,.Q$A #$* 2,1-* .,-2T,$* &$ .#!**-L.!2-1( &$* ,!<$!%= ($ *1(2

;!* 5U%-+!#$(2*A #'1"J$.2-M $**$(2-$# 52!(2 &$ <-$%= .1<;,$(&,$ #$ #-$( 5+$(2%$#

$(2,$ #'!,.Q-2$.2%,$ &% ;1<<-$, $2 #! V1,!-*1(A ;!**!4$ 1"#-45 ;1%, ;,1&%-,$ &$*

;1<<$*/ K!, !-##$%,*A #'$=;,$**-1( &% .,-2T,$ ;,5*$(.$ 1% !"*$(.$ &$ V$%,* &1-2

W2,$ .1(*-&5,5$ .1<<$ !#5!21-,$ .'$*2XSX&-,$ (1( &52$,<-(5$  !"#$"#/ K!, .1(2,$A

;1%, 52%&-$, #'-(V%$(.$ &$ #'!,.Q-2$.2%,$ &$ #'!,",$A -# M!%2 "-$( $(2$(&% &-*;1*$,

&$ +!,-525* $2 &$ ,!<$!%= S &-Y5,$(2* (-+$!%= &$ .,1-**!(.$/

9F



 !" #$%"& #'()*+,-)*.)/- ,.%0(-##- /1$("(- -"0 #. "2(3.)0- 4

H0 : F ∐ (V,R),

/'-"0565*(%- 72'$) .).#8"- #. 0.9#- 6 *-2: *(;-)"($)" /$)"0%2(0- -) <$)/0($) *-

F -0 *- #'.""$/(.0($) V -0 R& $2 -)/$%- 72'$) 0-"0- #. 3.#(*(0+ *2 ;$*!#- 4

log(nPijk) = [1] + [V ]i + [R]j + [F ]k + [V R]ij .

=-).)0 /$;,0- *-" ,%$,%(+0+"& $) $90(-)0 .2""( #'.).#8"- %-#.0(3- 6 #'+02*-

*- #'()*+,-)*.)/- -)0%- V -0 R& 6 ".3$(% H0 : V ∐ R> ?- 0.9#-.2 @ ,%+"-)0- #-"
%+"2#0.0" A "-2#- #. ,%-;(!%- 18,$01!"- *'()*+,-)*.)/- -"0 %-B-0+->

C) ,-20 /$)/#2%-& *'2)- ,.%0& 72- #. ,%+"-)/- $2 #'.9"-)/- *- D-2%" )'-"0

,." ()*+,-)*.)0- 6 #. <$(" *-" 3.%(+0+" -0 *-" )(3-.2: *- /%$("".)/- *-" %.;-.2:

-0& *'.20%- ,.%0& 72- #-" ,%$,$%0($)" *- %.;-.2: $9"-%3+"& ,$2% /1.72- )(3-.2

*- /%$("".)/-& "$)0 +72(3.#-)0-" 72-##-" 72- "$(-)0 #-" 3.%(+0+">

E-00- "-/$)*- /$)/#2"($) )+/-""(0- 72-#72-" /$;;-)0.(%-"> F) -G-0& -##-

)'.2%.(0 .2/2) "-)" "( #- /1-%/1-2% .3.(0 /1$("(  !"#$"# #-" )$;9%-" *- %.;-.2:

6 $9"-%3-% ,$2% /1.72- 3.%(+0+ -0 ,$2% /1.72- )(3-.2 *- /%$("".)/->  .)" /-

/."5/(& (# -"0 +3(*-)0 72- 0$20 ,$;;(-% ,#.)0+ *(",$"- *'2) %.;-.2 *- )(3-.2

H -0& .()"(& #-" <%+72-)/-" 0$0.#-" V 1R1 IJJK -0 V 2R1 IHLK "$)0 ,%+*+0-%;()+-">
 !" #$%"& /- 72'(# (;,$%0- *'+02*(-%& /'-"0 #. 0.9#- ,.%0(-##- V 1R2 IJMMK& V 1R3
IHNOK& V 2R2 IH@NK& V 2R3 IPQK& 72( /$)*2(0 6 #. /$)/#2"($) .).#$R2- .2 )(3-.2
*- #. /1.%,-)0- *-" ,$;;(-%">

 !"#$!% & ' =.9#- *- /$)0()R-)/- 4 J

 

,.%0(->

S$2%/-" *-  -R%+" *- G2

obs χ2

1−α

3.%(.0($) #(9-%0+ α = 0, 05

F ∐ (V,R) Q OT&ML HH&TP

V ∐R J O&OP Q&LL

U20%-" P O@&JH H@&TP

U2 )(3-.2 *-" .).#$R(-"& #'-:.;-) *-" 0.9#-.2: J -0 @ ;$)0%- #-" /$%%-"5

,$)*.)/-" "2(3.)0-" 4

[(V × F ) + (F ×R) + (V × F ×R)] -0 F ∐ (V,R) : Q *-R%+" *- #(9-%0+;
(V ×R) -0 (V ∐R) : J *-R%+" *- #(9-%0+.

@

!

V$2%"2(3$)" #'.).#8"- -) /1$("("".)0 *'+02*(-% #'()*+,-)*.)/- /$)*(0($)5

)-##- (F ∐R)|V -0& ,.% /$)"+72-)0& #'()*+,-)*.)/- ;.%R().#- %+"2#0.)0- (V ∐F )>

HQ



 ! "#"$% &'($)*+","!$% )- .",/-" (.."0 1234'"!$ 564$+5)"' -" -)"! 47"!$+"- "!$'"

-". 1')$8'". F "$ R% 12!5)$)2!!"--","!$ 9 V % (+ -)"+ 5" V "$ F % 12!5)$)2!!"--":
,"!$ 9 R% -6";&4'),"!$($"+' .2+3()$(!$ .+'$2+$ .6)!$4'".."' <(+ 12,&2'$","!$<
5". 7(')4$4.=

>" ,258-" 4$+5)4 .641')$ 12,," .+)$ ?

log(nPijk) = [1] + [V ]i + [R]j + [F ]k + [V R]ij + [V F ]ik.

>6";(,"! 5+ $(/-"(+ @ )!5)*+" *+62! '"A"$$" -( &'",)8'" 3B&2$38." !+--"

(H0 : (F ∐ R)|V )% ,(). &(. -( 5"+;)8," (H0 : V ∐ F ) C 1"--":1) .)D!)E" *+"
D-2/(-","!$ -( &'4."!1" 2+ !2! 5" /2+$2!. ".$ 4*+)7(-"!$" &2+' -". 5"+; 7(')4$4.%

.) 2! !" $)"!$ &(. 12,&$" 5". !)7"(+; 5" 1'2)..(!1"= F'41).2!. *+" 5(!. -" 1(5'"

5" 1"$$" '"13"'13"% -". ('/'". 4$()"!$ "! G2'," -)/'"% .(!. (+1+!" 2&4'($)2! 5"

$()--"=

F2+' 1"$$" 4$(&"% -". 12''".&2!5(!1". "!$'" -". $(/-"(+; H "$ @ .6)!.1')7"!$

12,," .+)$ ?

[(F ∗R) + (V ∗ F ∗R)] "$ (F ∐R)|V : I 5"D'4. 5" -)/"'$4;
(V ∗ F ) "$ (V ∐ F ) : J 5"D'4 5" -)/"'$4.

 !"#$!% & ' K(/-" 5" 12!$)!D"!1" ? L

 

&('$)"=

M2+'1". 5" N"D'4. 5" G2

obs χ2

1−α

7(')($)2! -)/"'$4 α = 0, 05

(F ∐R)|V I LO%PL Q%IQ

V ∐ F J O%OR L%PI

F ∐ (V,R) @ LO%PQ JJ%OR

@

!

>" '"A"$ 5" -63B&2$38." !+--" H0 : (F ∐ R)|V 2+7'" (-2'. -" 13",)! 9

-64$+5" 5" -6)!54&"!5(!1" "!$'" F "$ R "! 5).$)!D+(!$ -". 5"+; 7(')4$4. S$(/-"(+

TU=

V2,," -" ,2!$'"!$ -". '4.+-$($. '"&'). (+ $(/-"(+ T% -6)!54&"!5(!1" "!$'"

-". 1')$8'". F "$ R ".$ '"A"$4" &2+' -". 5"+; 7(')4$4.= K"!(!$ 12,&$" 5" -( '":

,('*+" '"-($)7" (+; '(,"(+; 5" !)7"(+ J G2',+-4" 1):5"..+. (+ I

!

% .) 2! 12!.):

58'" +!)*+","!$ -". !)7"(+; 5" 1'2)..(!1" R2 "$ R3% -63B&2$38." 56)!54&"!:
5(!1" ".$ '"A"$4" &2+' -( 7(')4$4 J +!)*+","!$ (V 1 : G2

obs = 11, 11;V 2 : G2

obs =
2, 36;χ2

1−α = 5, 99)% 1" *+) .)D!)E" *+" -" !2,/'" 5" '(,"(+; 5" !)7"(+ H "$ L
W"+'). 2+ !2! 54&"!5 5" -6('13)$"1$+'" 5" -6('/'"=

T

!

 !E!% -( 7(-"+' G2

obs (..21)4" 9 -63B&2$38." 56(/."!1" 56)!$"'(1$)2! &"+$

X$'" 1(-1+-4" (+ 54&('$ 5". G'4*+"!1". ($$"!5+". ".$),4". S$(/-"(+ J ? $'2).)8,"

12-2!!"U &(' -( &'2145+'" )$4'($)7" SQ )$4'($)2!.U 541')$" (+ &('(D'(&3" H=L% L

!

=

JT



 !"#$!% & '  !"#$ %$ &'()*(+$(&$ , -

 

.!/)*$0

1'2/&$3 %$ 4$+/53 %$ G2

obs χ2

1−α

6!/*!)*'( #*"$/)5 α = 0, 05

(F ∐R)|V 1 7 889:8 ;9<<

(F ∐R)|V 2 7 8<9;8 ;9<<

(F ∐R)|V - :=9>: <9-<

?$))$ @'*39 #$ A'%B#$ $3) 3!)2/5 $) *# $3) #$ 32*6!() ,

log(nPijk) = [1] + [V ]i + [R]j + [F ]k + [V R]ij + [V F ]ik + [RF ]jk + [V RF ]ijk.

C! 6!#$2/ G2

obs 6!2) 789:;0 CDEF.')EB3$ %D!"3$(&$ %D*()$/!&)*'( $3) /$G$)5$

(χ2

0,95 = 5, 99) H #$3 %$2I %$+/53 %$ #*"$/)5 &'//$3.'(%$() J &$2I %$ #D*()$/!&)*'(
V × F ×R %2 )!"#$!2 70

K2 (*6$!2 %$ #D*()$/./5)!)*'(9 &$))$ *(@'/A!)*'( (D!..'/)$ /*$( %$ .!/)*&2L

#*$/0

M($ /$A!/N2$ *A.'/)!()$ %'*) O)/$ @'/A2#5$ !6!() %$ &#P)2/$/ &$) $I$A.#$0

1* #$ &E$A*( 32*6* .'2/ 3'( !(!#F3$ 3$ "!3$ 32/ #$3 %5&'A.'3*)*'(3 ./'+/$33*6$3 %2

.!/!+/!.E$ 79 $( ./!)*N2$9 *# &'(6*$() )'2) %D!"'/% %$ %5Q(*/ #$ &E$A*(9 $(32*)$

%$ /5!#*3$/ )'23 #$3 &!#&2#39 F &'A./*3 #$3 )$3)39 $) $(Q( %$ &E'*3*/ #$ &E$A*( *(6$/3$

.'2/ #D*()$/./5)!)*'(9 &D$3)LJL%*/$ %D!(!#F3$/ $( ./$A*$/ #*$2 #D*()$/!&)*'( $()/$

#$3 )/'*3 @!&)$2/3 $)9 $(32*)$ 3* "$3'*(9 %$ #D*()$/./5)$/ $( 2)*#*3!() #$3 5#5A$()3

./5&5%$()39 &'AA$ &D$3) #! /B+#$ $( !(!#F3$ %$ #! 6!/*!(&$ J .#23*$2/3 &/*)B/$3 %$

&#!33*Q&!)*'(0

3.3. Utilisation des logiciels

R'2/ #D5)2%$ %$3 *(%5.$(%!(&$39 #$3 /532#)!)3 ./5&5%$()3 S6!#$2/3 G2
T .$26$()

O)/$ '")$(23 $( 2)*#*3!() #$ #'+*&*$# 1K19 .#23 .!/)*&2#*B/$A$() #! ./'&5%2/$

?K UV4 W1K1 X(3)*)2)$9 8<<-Y0

Z( 32..'3!() N2$ #$3 *(@'/A!)*'(3 %2 )!"#$!2 8 3'() $(/$+*3)/53 %!(3 2($

)!"#$ 1K19 *()*)2#5$  89 3$#'( N2!)/$ 6!/*!"#$3 (')5$3 [9 \9 ] .'2/ #$3 *(%*&$3 $)

Z^ .'2/ #$3 @/5N2$(&$3 '"3$/65$39 #! ./'&5%2/$ +5(5/!#$ $3) #! 32*6!()$ ,

R\V? ?K UV4 4K K_C1K10 8 H

`ZXab Z]] H

UV4ZC  _ c\Z1RVd1Zc H

\ZRZK Z4e c\Z1RVd1Zc _ UH

\Md H

8f



 ! "#$%!#& ' ()*+," %!- ,.-"+&*",/.- 0 !.*/(!+ 1/&+ %!- (,2)+!."!- "#$%!- 345

!" %!- 6/(7%!- 385 0 */.-,()+!+ !. 9/.*",/. (!- ":1!- (;,.()1!.(#.*! *</,-,-=

 !"#$!% & ' >.-"+&*",/.- ?@?=

4:1!- T M

(;,.()1!.(#.*!

V ∐R V ∗R V R V ∗R

V ∐ F V ∗F V F V ∗F

R ∐ F R∗F R F R∗F

V ∐R ∐ F V ∗R∗F V R F

V ∐ (R,F ) V ∗R∗F V R F R∗F

R ∐ (V, F ) V ∗R∗F V R F V ∗F

F ∐ (V,R) V ∗R∗F V R F V ∗R

(R ∐ F )|V V ∗R∗F V R F V ∗R V ∗F

(V ∐ F )|R V ∗R∗F V R F V ∗R R∗F

(V ∐R)|F V ∗R∗F V R F V ∗F R∗F

>."!+#*",/. V ∗R∗F V R F V ∗R V ∗F R∗F

A#+ #,%%!&+-B &.! "#$%! 0 "+/,- (,6!.-,/.- 1!&" "/&C/&+- -! ()*/61/-!+ !.

"#$%!- 0 (!&D (,6!.-,/.- 1/&+ %!-E&!%%!- /. 1!&" !.-&,"! "!-"!+ %;,.()1!.(#.*!

!."+! %!- (!&D *+,"7+!- #--/*,)-= A/&+ *!- *#-B (;#&"+!- 1+/*)(&+!- -/." (,-1/.,$%!-

0 %# 9/,- (#.- %! %/F,*,!% ?@? 31+/*)(&+! GHIJ5 !" (#.- %! %/F,*,!% 8,.,"#$

3*/66#.(! KL>?JM@HI5= 4/&"!9/,-B ,% 9#&" ./"!+ E&! %!- N#%!&+- *+,",E&!- -/."

*#%*&%)!- 1#+ %# 6)"</(! (& χ2
6,.,6&6=

I.O.B (#.- %# 6!-&+! /P %! *+,"7+! F # )") 1+,N,%)F,) (#.- *!" !D!61%!B

%;#.#%:-! #&+#," 1& -! +)#%,-!+ 1#+ %;,."!+6)(,#,+! (! %# +)F+!--,/. %/F,-",E&! $,Q

.#,+! 3*/66#.(! R ST>?4>K5= I. *</,-,--#." %# 9/.*",/. (! %,!. %/F,"B *!%%!Q*,

*/.(&,+#," 0 (!- +)-&%"#"- #.#%/F&!- 0 *!&D /$"!.&- 1#+ %! 6/(7%! %/FQ%,.)#,+! U

/. N)+,O!+#," E&! %# 1+/1/+",/. (!- +#6!#&D V!&+,- ()1!.( (! %# */6$,.#,-/.

N#+,)") Q .,N!#& (! *+/,--#.*!B %! "!+6! (;,."!+#*",/. )"#." -,F.,O*#",9=

WX



4. EN GUISE DE CONCLUSION

 

 

!"##$ "% & '( )$ *"%+,&,$-. )& *"#'-/0$%+1"% $, )& #1+$ $% "$(2-$ 3$

)& ,0/"-1$ -$)&,12$ &(4 ,&5)$+ 3$ *"%,1%6$%*$ 7 ')(+ 3$ 3$(4 31#$%+1"%+ %8$+, '&+

+1 /213$%,$ 9(81) %8: '&-&;,< =) $% $+, 3$ #>#$ '"(- )81%,$-'-/,&,1"% 3$+ -/+(),&,+<

?%$ @"1+ 3$ ')(+. )8&**$%, & /,/ #1+ +(- )& %/*$++1,/ 3$ *0"1+1- A(31*1$(+$#$%, (%

*0$#1% 38&%&):+$ *"--$+'"%3&%, &( '-"5)B#$ '"+/<

C16%&)"%+ &(++1 9($ )& +(-&5"%3&%*$ 381%@"-#&,1"%+. -/+(),&%, 3$ )8(+&6$

38(% )"61*1$) +'/*1&)1+/ $, 3/'&++&%, )&-6$#$%, )$ %"#5-$ 3$ 3"%%/$+ &%&):+/$+.

%$ +1#')1D$ '&+ *$,,$ 1%,$-'-/,&,1"%. +(-,"(, )"-+9($ )8&%&):+$ 38(%$ ,&5)$ 3$

*"%,1%6$%*$ -$2>, (% *&-&*,B-$ 1--/6()1$-<

E

 

F( %12$&( ,0/"-19($. &( #"1%+ 3$(4 -$#&-9($+ 3"12$%, >,-$ @"-#()/$+

$% -$)&,1"% &2$* )8&'')1*&,1"%<

G8(%$ '&-,. 1) %8& '&+ /,/ ,$%( *"#',$ 3$ )& 9(&)1,/ 3$+ *-1,B-$+. $% '&-H

,1*()1$- '"(- )$+ ,:'$+ 3$ -&#$&(4. @&*,$(- 9(1 '"(--&1, >,-$ *"%+13/-/ *"##$

9(&%,1,&,1@ $, %/*$++1,$- (%$ #/,0"3$ 38&%&):+$ +'/*1D9($<

G8&(,-$ '&-,. )$+ I J "5+$-2&,1"%+ %$ '-"21$%%$%, '&+ 3$ I J -&#$&(4 31@H

@/-$%,+ $, *0"1+1+ &)/&,"1-$#$%, K )$+ 3"%%/$+ %$ +"%, 3"%* '&+ 1%3/'$%3&%,$+<

 !"#$"# $, 3$ @&L"% ')(+ 6/%/-&)$. )$+ *"%+/9($%*$+ 3( %"% -$+'$*, 3$ *$,,$

*"%31,1"% 38&'')1*&,1"% +(- )& -"5(+,$++$ 3$ )& #/,0"3$ 38&%&):+$ %$ +"%, '&+

$%*"-$ *"%%($+<
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